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Noni en  c la t u r  e 
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a/b, plat<. a spec t  ra t io  
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d i sp lacemen t s  in t h e  x, y ,  z d i r e c t i o n s ,  r e spec t ive ly  

plate  flexural r igidi ty ,  

beam f l e x u r a l  r igidi ty  

s t ress  funct ion 

mass  der ,s i ty  

Poisson 's  ra t io  

E h3 /I2 ( 1  - v 2 )  

Other  sy,-mbals a r e  d e f i n e d  i n  t he  trst. 

. .  

:he T~ 

J r h r -  i. SsG- 132-6 1. 
a r c h  r e p o r t e d  i n  t h i s  :‘ate w~.s  sponsored  by NASA u n d e r  



: I r  

I n  t rod u c t: on 

In rcc-ent y e a r s  a nrimber of i n v e ~ t i g ~ ~ t 1 0 1 1 ~  of the  l a r g e  

ampl i tude  vibrat ion of heanis ' - *  and f la t  r e c t a n g u l a r  pldtes5-' have 

been  r e p o r t e d  i n  which the  e n d s  of the  beanis and the  edges of the. 
-1 

p l a t e s  have  been a s s u m e d  t o  r e m a i n  a fixcd d i s t a n c e  a p a r t  dur ing  

vibration. In p a r t i c u l a r  Burgreen '  has c o n s i d e r e d  t h e  i i e e  vibrat ion 

of a s imply  suppor ted  beam which h a s  been  g iven  a n  in i t ia l  e n i  

d i sp l acemen t  and  the  author '  h a s  c o n s i d e r e d  f r e e  and  f o r c e d  v i b r a t i o n  

of s imply  suppor ted  and clamped beams and  r e c t a n g u l a r  p l a t e s  for 

which in i t i a l  end and  edge  d i sp iacemen t s  have  been  p r e s c r i b e d .  In 

both r e p o r t s  a one d e g r e e  of f r e e d o m  r c p r e s e n t a t i o n  of t he  equat ions  

of mot ion  is used. R e s u l t s  a r e  obtained for edge  d i sp lacemen t s  in the 

postbucklirig a s  we l l  as the prebuckling region. In the  c a s e  of f o r c e d  

motion,  however .  t he  r e s u l t s  were  r e s t r i c t e d  t o  symmetrical motioi: 

about  the  f l a t  posi t ion of the  b e a m  or plate .  For t h e  bucKicc: !>earn or  

p la te  i t  is a l s o  poss ib l e  t o  have vibrat ion about  t he  s t a t i c  b u c k i e d  

position. T h i s  h a s  been  d i s c u s s e d  for  free v ib ra t ion  in t h e  above 

r e p o r t s  and  i t  is the  pu rpose  of the  ioliowing r e m a r k s  to extend t h e  

d i s c u s s i o n  to  a c a s e  of forced motion. 

Equat ions of hlotion 

T r i .  d i f f e r e n t i a l  eqiicition of motion for a Seam of unit width 

AS 

= P { y .  t )  ( 1 )  
Eh  

p k w ,  T ( E I w ,  ) - -  [vat 2 
t t  y y  ly:; b '0 Y YY 



where  v 

u n s t r e s s e d  s ta te .  

r c p r c s e n t s  a n  init ial  axla1 displ ; rcvrr6ent  m e a s u r e d  f r o m  the  

For a plate t h t  dynamic  von KLrmZn equat ions are 

0 

w h e r e  

u = F, , u = F ,  , T = - F ,  
X YY Y xx XY XY 

a r e  the m e m b r a n e  s t r e s s e s .  W h e n  a s i n g l e  mode  is a s s u m e d  a n d  

Galericin 's  method I S  a p p l r e d ,  t h e  p rob lem r e d u c e s  t o  the  sol1:tion af a 

single o r d i n a r y  d i f f e ren t i a l  equation in  time. 

In the  case of a s i m p l y  suppor ted  beam,  for  example. we assume 

( 3 )  w ( y ,  t )  = b ( ( t )  s i n  T Y  - 
b 

and  obtain the  following equation i n  nondimens iona l  form 

= f ( T )  

w h e r e  
1 

E z t  h Y = -  b 

4 4 
1T 

p = 2- yz ( 1  -X) q = - T =  (-) - 
12 4 P 

The pz-r;lmeter X is a measure of t h e  in i t i a l  axial d i sp lacemen t  and  is 

defined 
V 
0 A = -  

V 
O c r  

w h e r e  v 

T h ~ s  X, > 1 r e f e r s  to t h e  pos t tuckl ing  region. 

is t h e  axlal d i s p l a c c m e n t  \vh;ch produc r ' s  t h e  buck::n< ;o.,d. 
'3 c 7 

.4n equat ion of t h e  same 

f o r m  is obtained for o t h e r  Sean? boundary conditions and  fo r  p l a t e s  a s  

. . .  . . . . . . , . - -. . .. 
I 

- .~ . -  



m c 1 1 .  The cocfiicieiits p and  q fo r  s i m p l y  suppor ted  a n d  clnmpr.ci 

be'3n)s and r i ~ c : L i r ~ t g ~ i h r  p l a t e s  art '  ~ : 1 v e 1 1  in kvf. T h e  r e m ~ i r k s  

wh ich  i o l l o \ v  apply  to t hese  c a s e s  as  w e l l  a s  otiiers which  may h r ~  

defined. 

8. 

To study the niotion about the s t a t i c  buckled posit lon I t  is 

convenient t o  change t o  the var iab le  

& =  5 - 5 ,  (6) 

Lvhere g l  is  the  static buckle a m p l i t u d e  a n d  6 is the variation from that 

position. If Eq. (6)  is substi t i ; tcd into Eq. (4 )  i t  follows tha t  for 

h a r m o n i c  fo rc ing  

3 -  
6 ,  4- uL c, t cz €l2 -t c3 6 = f cosw7- 

TT 0 

w h e r e  

u L  = p +  3 q  6 ;  

c z  = 3q5, 

0 

c3 = q  

SO?C that  3 

The p r o b l e m  of s m a l l  a m p l i t d e  v ibra t ion  of a buckled p la te  h a s  been  

m o r e  fully d i s c u s s e d  eisewhert:. 

is  the l inear  vib:aL:on f r e q a e c c y  about t h e  buck!eG posi::on. 
o 

9-10 

T h i s  equation i s  of s i m i l a r  f o r m  to an  equation d e r i x e c  f o r  

t h e  vibratior,  cf ini t ia l ly  curved p l a t e s  and she l l s .  

Dufiing p e r t u r b a t i o n  technique 

' - l 3  The  Lins ted?-  

used in two oi t h e  abm-e r p p o r t s  11, 1 3  

may be app l i ed  h e r e .  Lei 



w h e r e  the in i t ia l  conditions o n  Eq. ( 7 )  art: taken to be 

6 ,  (0) = 0 
7 

q o )  = u 

irom which i t  follows 

(9 )  

b , ( O )  = 1 , 6 (0) = 6 , ( 0 )  = &(O) = ... = 0 (10) 0 

It i s  convenient to in t roduce  the  forc ing  fur:ction as  fol lows,  

- - -  
let i = f , = f ,  = 0 

0 

- so that 
f = $ 7 3  ( ! 2 )  

Then  it follows thar when Eqs. (3) are  subs t i tu ted  into Eq. ( 7 )  and t e r m s  

a r e  col lec ted  accord ing  to the power of a a s e r i e s  of equat ions are 

obtained. The  f i r s t  is 

3 

0 0 0 
+ w z 5  + c , b 2  + c3 6 = 0 

77  
0, 

ao : 

which has as i ts  solution, i n  v iew of Eqs. (10) 

a o ( T 9  = 0 

a n d  next  

which  h a s  as  i t s  solut ion 

cz i Li); C O S W T  - -  c2 C O S  2 U T  
62, T 7  2 2 ( 1 7 )  7 3qz = - - CY2 : 

c i o  :nsure  a per iodic  solution i t  is  n e c e s s a r y  tha t  



t hus  the so ic t ion  t o  Eq. ( 1  7) becomcs 

F ina l ly  

2 cz" + w  6, = - -  
TT 3 w2 w 2 : 63, 

Once aga in ,  to  i n s u r e  a p e r i o d i c  solut ion,  i t  is r , eces sa ry  tha t  

which, from Eqs. (8) and (12),rrray be w r i t t e n  

It is worth noting that  t he  R i t z -Ga le rk in  and  r e l a t e d  m e t h o d s  

as they are  commonly  appl ied a r e  inadequate  f o r  obtaining ari app rox i -  

mate so lu t ion  to  €q. (7). It is c o m m o n  p r a c t i c e  to  u s e  the  so lu t ion  of 

the  cor re spond ing  l i n e a r  equation as  ar, a s s u m e d  solut ion of t h e  non- 

l i n e a r  equation. 

m e a n s  of a c e r t a i n  t i m e  in tegra t ion  over a cyc le  of the  mot ion  which 

T h e  f requency-ampl i tude  r e l a t ion  is obtained by  

m i n i m i z e s  the  e r ro r  in t roduced  by t h i s  a s sumpt ion .  Unfortunately 

the  r e s t r i c t i o n  i m p o s e d  b y  the a s s u m e d  solut ion is s u c h  tha t  a l l  

cont r ibu t ions  of the  t e r m  c,h2 a r e  los t  i n  the  i n t eg ra t ion  r e g a r d l e s s  

of i t s  a c t z a i  influence.  If, however ,  m o r e  c a r e  is used  i n  the  select ior ,  

of an a s s l i m e d  funciior; ,  :his difficulty may be o v e r c o m e .  

In our c a s e  le: 



and solve the  r e su l t i ng  ~ ~ U A ? . O ? . S  we a r r i v e  a t  t k e  i den t i ca l  f r e q u e n c y -  

ampl i tude  r e l a t ion  s i v e n  by Eq. f22).* 

F r e e  Vibra t ion  

-. , z e  r e l a t ion  for  fret:  v ib ra t ion  may be obtained b y  3:tting 

- 
f = 0 ir. Sq. ( 2 2 ) .  An exact soiuticn f o r  f r ee  v ib ra t ion  is also possibie  

i n  t h i s  c3ast3 in t e rms  of ell iptic functions.  It is 

w h e r e  

This w a s  pointed out to me by P r o f e s s o r  E. F. Masur .  96 



( 2 7 )  

gi \?en  b y  t h e  vlliFtic in tegra1  

It should  b c  noted that Eq. (25 )  is not a general solution to 

2 

0 
Eq. ( 7 )  for  nrb i : ra ry  v a l u e s  a i  :Le coefficients , c2, ar,d c!, b:1t 0 x 1 ~  

obtained f r o m  Eq. (4). 

is sti!! poss ib le ,  however, as  descr ibed  in Ref .  12, for e x ~ m p l e .  

An exact so lu t ion  in terms of e!!ip.ic i-Jrrctions 

Numerical R e s c i t s  

K x m e r i c a l  resul ts  P.sve beez obtained f rom E q s .  ( 2 2 )  a n a  ( 2 8 )  

for t he  s p e c i a l  case of a buckled  b e a m  with X = 2 a n d  Y = 0. G O 5  and 

a r e  p resen ted  in Fig. 

is given in  terms of the number  of b e a m  t h i c k n e s s e s  and the f r equency  

;n t e r r r , s  G f  t h e  s q u a r e  of t h e  ratio of the nonlir.ear to the l i n e a r  f i e -  

qce:icy 

1 for i rcc t  rnotion. In t h i s  f i g u r e  the Lmp!:tude 

Since for  the  ex3-c: solution the mot ion  is not s y m m r t r i c a i  

,1*9c.-- t ; - , r >  . _ _  x n d e f l e c t e d  positior. the curve for a nega?ive in i t ia l  c o ~ d i t i ~ r .  

. .  - 
C i i f c r : j  f r o m  t h a t  for  a pos-iivt-. in i t ia l  condition. A typ ica l  def lec t ion  





7. Lin,  Y .  K . ,  "Response  of a ncr . l inear  f lat  p a n e l  t o  p e i . o a i c  2 n d  
r a n d o m l y - v a r y i n g  loadings ,  J. Aerospace  Sci. - 2 9 ,  1029-iO33, 
1066 (1952). 

S. Eis ley ,  J. G . ,  "Nonl inear  -,,:bration oi beams and  rectang;Lkr p:c t< -s ,  " 
ZAMP 15, 167- 1 7 4  { 1964). - 

1C. H e r z ~ g ,  E3. ,  It?asur, E. F. ,  1 1 -  p requencies had modes of v;b:c+tior. of 
buckled c i r c u l a r  p l a t e s ,  ' I  X4qSsl T K  3 - 2 2 4 5  ( F e b r u a r y ,  196.1). 

c 1 i .  R e i s s n e r ,  E. "Son l inea r  effects i n  vibration of cy1:ndricAl s;hel!s, " 
S p c e  T e c h n o l o g y  Labs. Rept .  AX?- 5-6 ( S e p t e m b e r  30, l Q 5 5 ' 1 .  

!2. YE, Y .  - Y .  , "Application of var ic i t iona l  t ,quation of rnotio;? :a the 

-Lon. inedr  v l b i s t i o n  a n a l y s i s  of homogeneous  and l a y e r e d  p l a t e s  ar.2 
: ~ . I - ~ * s >  ' I  2. A ; ~ p l .  IMech. 3 0 ,  79-66 (1963).  - 



?' 



. 

c 
0 . - 

e 
0 

0 
i 

0 
I 

, 



. .  


